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ABSTRACT 

Given  sectors  S.  =  {e;  a.  <  arg  s  <  b .  ,  0  <  I e I  <  p}  (1  <  j  <  v)  and 

3  3  3  1 

functions  6.  (1  <  j  <  v)  such  that  (i)  (J  S.  =  {e;  0  <  lei  <  p},  (ii)  6. 

3  j  3  11  3 

is  holomorphic  in  S_. ,  (iii)  6^  is  asymptotically  zero  as  e  -*•  0  in  S_. , 

(iv)  |S.(e)  -  6,  (e) I  <  c  exp{-c, / [ e I ^ }  in  S.  n  S,  for  some  positive 
j  k  1  =  0  1  1  1  ]k 

numbers  c  ,  c,  and  X  whenever  S.  Ci  S,  #=  to,  we  prove  that 

0  1  j  K 

|  6  j  C c )  J  <  c^exp{-c^/\ e  |  ^  }  in  5_.  for  some  positive  number  c 2-  Then, 
utilizing  this  result,  we  prove  that  Matkowsky-condition  implies  the  resonance 
in  the  sense  of  N.  Kopell  under  a  reasonable  assumption.  The  sufficiency  of 
Matkowsky-condition  with  regard  to  the  Ackerberg-O'Malley  resonance  has  been 
an  open  question.  This  work  gives  an  affirmative  answer  to  this  question  in 
a  reasonably  general  case. 


AMS  (MOS)  Subject  Classifications:  30B40,  30E15,  33A40,  34E20 

Key  Words:  Analytic  continuation.  Asymptotic  representations  in  the  complex 
domain,  Parabolic  cylinder  functions,  Singular  perturbations, 
Turning  point  theory 

Work  Unit  Number  1  (Applied  Analysis) 


This  paper  was  prepared  while  the  author  was  at  the  Mathematics  Research  Center, 
University  of  Wisconsin-Madison,  Madison,  WI  53706. 

Address:  School  of  Mathematics,  University  cf  Minnesota,  Minneapolis,  MN  55455, 

Partially  sponsored  by  the  National  Science  Foundation  under  Grant  No.  MCS7U- 
01998  and  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-004 1  . 


SIGNIFICANCE  AND  EXPLANATION 


The  basic  question  is  as  follows: 

Consider  a  second-order  linear  differential  equation: 

(11  •  ,iv  '  '  -  2 

under  some  reasonable  assumptions  on  F  and  G.  Let  v  bo  a  solution. 

Then,  generally  speakina ,  lit:,  v'y,  \  satisfies  the  first  order  equation: 

C-  *V 

(2)  F (x,0)dv/dx  +  G (x ,0) v  =  0. 

The  problem  of  finding  the  relation  between  (1)  and  (2)  is  called  the  problem 
of  singular  perturbations.  "  in;,....:  '  Atans  t  hat  solutions  of  the  equation  (2) 
do  !.••>»  -o:. •  men"  free  parameters  as  solutions  of  (1)  do.  In  other  words, 
;  somet.iiing.  This  phenomenon  is  explained  by  means  of 
•c.dury- . a. •  ■  •  tally,  various  physical  phenomena  exhibit  similar 

iiav iours .  Thor-,  foie,  the  problem  of  singular  perturbations  has  been  studied 


tor  ranv  wars . 

ti  a  certain  situation  which  arises  naturally  in  applications,  \ 

— _ _  l.  ••/»»  V  trf  rV'WPi :  o  ,  e^>J' C  ~  ° 

lim  -is,  -  c';  identically  for  practically  all  the  solutions  v  of  (1), 

exeo:  t  when  F  and  G  are  related  in  a  specific  way.  This  exceptional  case 

is  ,  ail-'d  the  ease  of  resonance.  It  is  important  to  find  an  effectively 

•('.'mutable  condition  for  the  resonance.  B.  J.  Matkowsky  found  such  a  condition. 

However,  so  far,  it  has  been  mathematically  very  difficult  to  prove  that  the 

Mat knwsky-cond i t ion  actually  guarantees  the  resonance.  The  difficulty  is  duo 

i.o  the  f .iet  that,  .i  quantity  which  is  decisive  in  determining  the  resonance  is 

so  until:  t lint  any  ■  ■xisting  mathematical  tool  has  failed  to  dig  this  quantity 

nut  c  i  r  til-  differential  equation  cl-virly.  In  this  work,  wo  shall  provide 


su  :  I  a  tool  .  ^ 


Th-  r.  spons  i  1  ■  i  I  i  t  V  for  the  w<>tdinq  and  views  expressed  in  this  descriptive 
-•timnufv  lies  with  MFC,  and  not  with  the  author  of  this  report. 


and  the  b's  are  real  numbers.  Let  5^  (e)  , . . . , 6  (e)  be  functions  of  e. 
Assume  that 


(i)  S^US2U*..uS^={e;o<|ej<p}; 

(ii)  <5j(e)  is  holomorphic  in  S  ; 

(iii)  6 ( e )  is  asymptotically  2ero  as  t  0  in  Sy  i.e. 

|fi.  (e)  I  =  KnI£|N  (N  -  0,1,...)  in  S 

for  some  positive  numbers  K  ; 

- a - N 

(iv)  if  S.  n  S,  +  we  have 

—  -j  k  ^ - 


'Accession  For 
UTIS  GRA&I 
DTIC  TAB 
I  Unannounced 
j  Justification — 

j  Distribution/ 


6  .  Ce)  -  6, 


.(e)  I  £  c0  exp  (-c^/ 1  £  I  )  in  S_.  n  ,  i  Aval)  ability  C 


for  some  positive  numbers  cQ,  and 

Then,  there  exists  a  positive  number  H  such  that 

(1*3)  J  6  (  e  )  J  <  H  exp(-c^/|  e  ]  S  in  , 


j  =  l/r—rrvv 


This  paper  was  prepared  while  the  author  was  at  the  Mathematics  Research  Center 
University  of  Wisconsin-Madison ,  Madison,  WI  537D6. 

Address:  School  of  Mathematics,  University  of  Minnesota,  Minneapolis,  MN  55455 


<• 


We  shall  prove  this  theorem  in  Section  8.  (For  another  proof,  see 
J.-P.  Ramis  [5;  Theorem  ll-(i),  p.  189].)  In  other  sections,  utilizing 
Theorem  1.1,  we  shall  treat  the  following  problem: 

We  consider  a  differential  equation: 

(1.4)  ed^v/dx^  +  F(x,e)dv/dx  +  G(x,e)v  =  0  , 

where  F  and  G  are  holomorphic  in  two  complex  variables  x  and  e  in  a 
domain : 

(1.5)  x  e  PQ,  |e|  <  p0  , 


where  is  a  domain  in  the  x-plane  and  p ^  is  a  positive  number.  We  assume 

that  Dq  contains  a  real  interval: 

(1.6)  I  =  (x;  -a  <  Re(x)  <  b,  Im(x)  =  0}  , 
where  a  and  b  are  positive  numbers.  We  also  assume  that 

(1.7)  F(x,0)  =  -2x  . 

We  say  that  the  differential  equation  (1.4)  satisfies  Matkowsky-condition, 
if  there  exists  a  non-trivial  formal  power  series  solution  of  (1.4)  : 


(1.8)  v  =  J  a  (x)em 

_  1,1 
m=0 

such  that  all  the  a  (x)  are  bounded  on  the  real  interval  I  .  We  also  say 

m  0 

that  the  differential  equation  (1.4)  exhibits  a  resonance  in  the  sense  of 
N.  Kopell  on  I  if  there  exists  a  solution  v(x,e)  satisfying  v(b,e)  =  1, 
such  that  v(x,e)  converges  uniformly  on  I  as  t -*•  +0  to  a  non-trivial 
solution  of 


(1.9)  F(x,0)dv/dx  +  G(x,0)v  =  0  . 

(Cf.  B.  J.  Matkowsky  ( 4  J  and  N.  Kopell  f  2 ] . ) 
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We  shall  prove  the  following  theorem: 

THE0g|M_1^2 .  If  PQ  is  a  disk  with  the  center  at  x  =  0,  i.e. 

(1-10)  V  =  {x;  |xj  <  rQ}  for  some  rQ  >  0  . 

Then ,  Matkowsky-condition  implies  the  resonance  in  the  sense  of  N.  Kopell. 

In  our  argument,  the  assumption  that  F  and  G  are  holomorphic  in 
(x,e)  in  a  poly-disk  (1.5)  is  indispensable.  In  our  proof,  we  follow  roughly 
the  guide-line  given  by  R.  McKelvey  and  R.  Bohac  [3] .  It  seems  to  us  that 
our  results  yield  a  sharp  estimate  for  eigenvalues  studied  by  P.  P.  N.  de  Groen 
[1] .  In  Section  2,  we  discuss  a  more  general  case. 

Throughout  this  research,  the  author  enjoyed  lively  discussions  with 
N.  Kopell,  B.  J.  Matkowsky  and  P.  P.  N.  de  Groen. 
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2.  A_standard=jfonn :  Let  0^  be  a  positive  number  and  let  V  be  a  domain  in 
the  complex  £-plane  which  contains  a  real  interval 

(2.1)  I  =  U;  -«  <  Re(£)  <  8,  Im(£)  *  0}  , 

where  a  and  8  are  positive  numbers. 

We  shall  consider  a  linear  differential  equation: 

(2.2)  ed2v/d£2  +  f(£,E)dv/d£  +  g(£,e)v  =  0  , 

where  f  and  g  are  holomorphic  in  two  variables  £  and  e  in  the  domain 

(2.3)  £  e  V,  |e|  <  pQ  . 


(2.4)  fQ (£ )  -  f (£ ,0)  . 

We  assume  that 

(2.5)  fQ(0)  -  0,  f^(0)  *  0  , 

(2.6)  £fQ(£)  <  0  for  *  e  if  5  *  0  ■ 
Under  this  situation,  we  can  write  fQ  as 

(2.7)  fQ(£)  -  £h (£)  , 
where  h(£)  is  holomorphic  in  V  and 

(2.8)  h (£)  <0  for  £  e  I  . 

Let  us  change  the  independent  variable  by 


=  >M£)  =  (-  /  f  (t)dt^  . 
0  0 


Then,  (2.2)  becomes 


(2.10) 


2  2 

Fd  v/dx  +  F(x,c)dv/dx  +  G(x,e)v  *  0  , 


<2.m 


F(*,r)  =  (^,)"2fv?'f  +  ofi  ”  I ,  G(^,e)  =  (v'’)"2g  . 


Since  f  =  -2c>£  '  ,  we  have 


(2.121 


F(x,e)  *  -2x  +  Ek(X,E)  , 


-4- 


c 


and  k(x,r)  and  G(x,£)  are  holomorphic  in  a  domain 

(2.13)  x  e  Vq/  | e |  pQ  , 

where  V is  a  domain  in  the  x-plane  which  contains  the  real  interval: 

(2.14)  I  =  (x:  -a  <  Re(x)  <  b,  Im(x)  =  0}  , 
where 


(2.15) 


a 


fQ(t)dt, 


b  = 


/  B 

✓  -  /  f  (t) dt  . 
0 


Another  transformation: 


(2.16)  v  =  w  exp{-  ~  /  F(t,e)dt} 

0 

takes  (2.10)  to 

(2.17)  e2d2w/dx2  -  F(x,e) 2  +  e (x,e)  -  G(x,e) ) }w  =  0  . 

4  Z  dX 

Note  that 

(2.18)  j  F2  +  e(j  3F/3x  -  G)  =  x2  +  eR(x,e)  , 
wnere  R  is  holomorphic  in  (2.13). 

Remark:  To  find  the  domain  VQ,  we  must  take  into  account  not  only  singularitie 
iif  f  and  g,  but  also  singularities  of  ,  i.e.  the  transformation  (2.91. 

In  particular,  any  zeros  of  fQ  would  yield  branch-points  with  respect  to  x. 
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3.  Formal  simplification:  It  is  known  that  there  exist  three  formal  power 
series  in  e: 


(3.1) 


(3.2) 


and 


A (x, f )  =  T  A  (x)  e™  , 

u  m 


m=0 


p  m 

B(x,e)  =  )  B  (x)e  , 

L‘  m 


m=0 


(3.3) 


C  (e  ) 


=  l 

m=o 


C  e 
m 


such  that 

(i)  A  (x)  and  B  (x)  are  holomorphic  in  the  domain  V„; 
m  m  ^  0 

(ii)  C  are  constants; 
m 

(iii)  the  formal  transformation: 

(3.4)  w  =  A(x,r)u  +  B(x,e) (edu/dx) 
takes  (2.17)  to 

(3.5)  c2d2u/dx2  -  {x2  +  eC(e)>u  =  0  ; 

(iv)  we  have 

(3.6)  Aq(x)2  -  (xBQ(x))2  =  1  identically  in  . 

To  effect  the  transformation  (3.4),  we  differentiate  both  sides  of  (3.4) 
with  respect  to  x.  Then,  we  derive 

(3.7)  r.dw/dx  =  (fA'  +  (x2  +  rc)B)u  +  (A  +  SB' )  (f-du/dx)  , 
and 

(3.8)  C2d2w/dx2  =  (f  ( ^ A '  +  (x2  +  eC)B)'  +  (x2  +  PC)  (A  +  eB  1 ) ) U 

+  (  (fA'  +  (x2  +  rOB)  +  £  (A  +  eB' ) ' ) (rdu/dx)  , 

2  2  2  2 

where  '  denotes  d/?x.  Since  p  d  w/dx  =  (x  +  rKlw,  we  derive  the 
following  equations  on  A,  P  and  C: 


-0- 


(3.9) 


(x2  +  eR)  A  =  e(eA'  +  (x2  +  eC)B)  '  +  (x2  +  cC)  (A  +  eB')  , 
2  2 

(x  +  eR) B  =  (eA'  +  (x  +  eC)B)  +  e( A  +  eB’)’  . 


In  particular,  if  we  put 


X  =  A0. 


V  =  XB0  , 


we  have 


dX/dx  = 


V*’  -  co 

2x 


Y,  dY/dx  = 


Ro(x)  ~  co 

2x 


X  , 


where  RQ(x)  =  R(x,0).  Hence 

d(X2  -  Y2)/dx  =  C  identically. 

Choose  CQ  =  Rq (0)  and  the  initial  condition:  X(0)  =  1,  Y(0)  =  0.  Then,  we 

can  determine  AQ,  B^  and  CQ  so  that  (3.6)  is  satisfied.  Other  coefficients 

A  ,  B  and  C  can  be  determined  in  a  similar  way. 
m  m  m 

By  virtue  of  (3.6),  we  can  solve  (3.4)  and  (3.7)  with  respect  to  u 
and  edu/dx : 


(3.10) 


u  =  E11^x'e)w  +  E12(x,e) (edw/dx)  , 
edu/dx  =  E21(x,e)w  +  E22 (x,e) (edw/dx)  , 


where  E  are  formal  power  series  in  e  whose  coefficients  are  holomorphic 
in  Dq.  In  particular, 


(3.11) 


Ef i (x , 0)  =  E22(x,0)  =  A  (x)  , 

Ei2(*.°)  =  -Bq(x),  E  (x,0)  =  -x2BQ(x) 


Note  that 


(3.12) 


C0  -  R0(0,  --1*2  32$.  . 


4.  Outer  expansions:  A  formal  power  series  in  c : 


(4.1)  v  =  J  a  (x) 

m=0 

is  called  an  outer  expansion  associated  with  the  differential  equation  (2.10), 
if  (4.1)  formally  satisfies  (2.10).  The  power  series  (4.1)  is  an  outer 
expansion  if  and  only  if 


-2x  daQ/dx  +  GQ(x)a0  =  0  , 

-2x  da  /dx  +  G  (x)a  =  L  (x)  -  d2a  , (x)/dx2  (m  >  1)  , 
m  umm  m-1  = 


where  G  (x)  =  G(x,0)  and  L  (x)  is  linear  homogeneous  in  a„,...,a  ,  and 

0  m  0  m- 1 

da./dx, . . . ,da  ./dx  with  coefficients  holomorphic  in  . 

0  m-1  0 

DEFINITION  4.1 :  The  differential  equation  (2.10)  i_s  said  to  satisfy  Matkowsky- 
condition,  if  there  exists  a  non-trivial  outer  expansion  (4.1)  such  that  all 
the  a^fx)  are  bounded  on  the  real  interval  (cf.  (2.14)). 

LEMMA  4.2:  The  differential  equation  (2.10)  satisfies  Matkowsky-condition  if 


and  only  if.  C  _is  a  negative  odd  integer  and 


Proof:  The  transformation 


C  =  0  (m  >  1)  . 

m  = 


u  =  y  exp{-x  /  (2e)  ) 


changes  (3.5)  to 


ed2y/dx2  -  2x  dy/dx  -  (1  +  C)y  =  0  . 


By  a  straight-forward  computation,  we  can  prove  that  the  differential  equa¬ 
tion  (4.5)  satisfies  Matkowsky-condition  if  and  only  if  CQ  is  a  negative 

odd  inteqer  and  C  =0  for  m  >  1. 

m  = 

Note  a) so  that,  if  all  the  a  are  bounded,  then  all  the  da  /dx  are 

m  m 

2  2 

bounded.  Otherwise,  d  a  /dx  would  have  much  worse  sinaularities  at  x  =  0, 

m 

and  hence  a  ,  would  be  unbounded  (rf.  (4.2)). 
m+  1 


Finally,  by  manipulating  with  the  transformations  (2.16),  (3.4)  and  (3.7), 


and  (3.10)  together  with  (4.4),  we  can  show  that  the  differential  equation 
(2.10)  satisfies  Matkowsky-condition  if  and  only  if  the  differential  equation 
(4.5)  satisfies  the  same  condition.  This  completes  the  proof  of  Lemma  4.2. 
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t. 


5 .  Uniform  simplification:  Hereafter,  we  shall  assume  t h  it 

(5.1)  C1  =  -p,  where  p  is  a  positive  odd  int  euej  ; 

(5.2)  C  =  0  for  m  N  1  : 

m  = 

(5.3)  0  =  {x;  lx  |  <  for  some  r,  *■  i'  . 

0  1  1  0  0 

The  assumption  (5.3)  means  that  V is  a  disk  of  radius  r  t  with  tin 
at  x  =  0 . 

J.et  us  choose  two  positive  numbers  r  and  r  such  that 


and  that  the  disk 


0  <  r .  <  r  <  r , 

1  U 


V1  =  {x;  !  x  |  •:  rr' 


contains  the  real  interval  1^  (cf.  (2.14)). 

Let  us  denote  by  T(x,s)  the  two-by-two  matrix: 


A  ( x ,  t 


B(x,r) 


2 

j_£A'(x,c)  +  (x  -  cp)B(x,e )  A(x,c)  +  rB'fx,r)J 


(of.  (3.4)  and  (3.7)).  Sot 


u  1 


cdu./dx 


j  1 

[_e.dw/dxj 


Then,  the  formal  transformation 


ikes  the  system 


W  =  T  ( x  ,  f  Hi 


d'W./dx  = 


i  1 

[x‘  4  i  H  (x  ,  ■  )  Oj 


■  dl'/dx 


I  x  ....  01 


in*’  i  ,v"  r:-n  of  tiio  n.jttix  i(x,  '  is  qi''"ii  !y 


i 


(5.11) 

(cf.  (3.10)). 


T(x,e) 


H(x,r) 

E12<x,e) 

:2i(x,e) 

E22(x,e) 

Set 

(5.12)  V2  =  {x;  jx]  <  r)  . 

It  is  known  that  there  exist  two  positive  numbers  and  p^,  a  function 

6(e),  and  a  two-by-two  matrix  P(x,e)  such  that 

(i)  6(e)  is  holomorphic  in  the  sector 

(5.13)  S  =  {e;  jarg  e|  <  c  ,  0  <  je|  <  p2J  ; 

(ii)  6(e)  is  asymptotically  zero  as  e  -*  0  in  S,  i.e. 

(5.14)  |  6  ( e )  |  <  K  | e  j  ^  (N  =  0,1,2,...)  in  S 

—  i>i 

for  some  positive  numbers  ; 

(iii)  entries  of  P  and  P  1  are  holomorphic  in  the  domain 

(5.15)  x  e  J?2 ,  e  e  S  ; 

(iv)  P  (resp.  P  1)  admits  the  matrix  T  (resp.  T  1)  as  an  asymptotic 
expansion  as  e  ->  0  in  S  which  is  valid  uniformly  in 

(v)  the  transformation 

(5.16)  W  =  P (x, e) V 


takes  (5.9)  to 


(5.17)  edV/dx  =  | 

[_x  -  e  (p  +  6  (e) ) 

in  the  domain  (5.15).  (Cf.  Y.  Sibuya  [6].) 

Utilizing  this  result  and  manipulating  with 
we  can  prove  the  following  lemma : 


rotations  of 


the  disk 


V 


2' 
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U.MMA  5 


There  exist  sectors 


( J . LH- j ) 

S,  =  { f  ;  a.  <  arc?  r.  <  b.,  0  <  |e|  <  r  „  ' 

3  3  3  1  1  3 

(j  -  1.2 . 

(win-re 

> 

is  a  positive  number  and  the  a's  and  the  b's  are  r^al 

ii.ir...  etS) 

,  func cions  6  (e),. 

,6k<e),  and  two-by-two 

matrices  r  ( x , 

■Vx,  ; 

su 

ch  that  U  . . . 

O  Sk  =  { t ;  0  <  | e |  <  p  3 1 

and  that 

(i) 

S  .  ( 

] 

l)  is  hoiomorphi 

u  in  S  . ; 

- 3 

( l  i  1 

***  .  \ 

is  asvmptotic 

ally  zero  as  p  0  in  i 

> 

•>  .  ; 

3 

(i  i  i ) 

entries  of  '  .  and 

p" 

,  ^  are  holomorphic  in  the  domain 

r.'.i'i-j) 

x  f  D  ,  c  e  S .  ; 

2  3 

(iv) 

P  . 

3 

(rrsp.  P.1)  admits  the  matrix  T  (resp.  T  ^ )  as  an 

asymptotic 

expansion  as  e  -► 

0 

in  S  .  which  is  valid  uniformly  in 

(V) 

the 

transformation 

(b - 20) 

W  =  p. (x,e)V. 

3  3 

takes  (5 

.9) 

to 

1 

o 

1 _ 

(5.21-j) 

‘  dV .  ,/dx 

3 

2  j 

I_x  -  £  (p  +  f  .  (c)  )  Oj 

V  . 

3 

in  the  domain  (  3 .  1 9 -  j '  . 


6.  An_estimate_for  6_.  ( e )  .  In  this  section,  as  an  application  of  our  main 
theorem  (cf.  Theorem  1.1),  we  shall  derive  an  estimate 

(6.1)  |<$.(e)|  <  H.  exp(  -  r2/|e|)  for  e  e  S .  , 

where  H_.  is  a  positive  number.  To  do  this,  it  is  sufficient  to  prove  that, 
if  5  S .  ^  we  have 

(6.2)  |  6  ( e: )  -  6  .  ( e )  |  <  M  exp  (-  r2/|e|)  for  te  is  '  '  S  .  , 

a  3  *-3 

where  M  is  a  positive  number.  To  derive  an  estimate  (6.2),  we  need  some 
*0 

preparation. 


Let  us  consider  the  differential  equation 
2  2  2 

)  d  z/dt  -  (t  -  a!z  =  0,  where  a  is  a  parameter 


This  equation  admits  a  solution 


such  that 


z  =  Z  ( t , a) 


(i)  Z  is  an  entire  function  in  (t,a)  ; 

2 

(ii)  lim  t7^1  a)e^t  Z(t,a)  =  1 


uniformly  in  a  if  a  is  in  a  compact  set  in  the  a-plane. 

The  solution  Z(t,a)  is  uniquely  determined  by  (i)  and  (ii).  The  functions 
Z((-i)t,-a),  Z(-t,a),  and  Z(it,-a)  are  also  solutions  of  (6.3).  Set 


(6.5-0) 


Vfc'a) 


Z(t,a)  Z((-i)t,-a) 


Z 1 (t , a)  (-i)Z’ ( (-i)t,-a) 


(6.5-1) 


Y  (t,a)  = 


Z( <-i) t,-a) 


Z(-t,a) 


(-i)Z' ( (-i)t,-a)  -Z’(-t,a) 


(6.5-2) 


Z(-t,a)  Z  (it, -a)  1 

( t , a)  =  |  , 

_-Z'(~t,a)  iZ'(it,-a)J 


w 


and 


( v» . i  - 1 '  ) 


r  Z  ( i  t  ,-a )  Z(t.a)  "I 


'  .  <  t ,  a )  =  j 

’iZ'dt.-a)  Z'(t,a) 


'  denotes  .VI t .  Those  four  matrices  are  matrices  of  independent 

solutions-  of  (0.3). 

Set 

-}  a  1  i  i  { a  + 1 ' 


(e.6) 

and 

(6.7) 

Then, 


X .  ( a )  = 


»/2'  ,  ,  ,  . ,  Jami 

r“r--~)T  -  Val  =  (_1,e 


C<a>  = 


\  (a) 


|X2(a) 

L  * 


ll 

I 

°J 


(6  .87 

r  V  (t,a) 

i  0 

t 

=  H1 

( t , a' C (a)  , 

rl 

(t,a)  =  S-  (t ,a)C  (-a)  , 

i  t  2  ( t ' a ' 

r- 

(t,a) C(a>  , 

,  (t,a)  =  t „  ( t , a' C ( -a ) 
-  i  0 

• 

rix 

;• 

and  j 

so  that  S .  ^  S  .  * 

•  i 

* 

.  Choc  so  ci  bra  rich  of 

* ‘  in  the 

sector  S 

1  S  .  •  Set 
3 

fl 

0  1 

(■..-,)) 

:.(r)  =  j 

1 

il  * 

jo 

d 

'iUl 

\  ._‘x, 

•  )  = 

(c)  t.  (x/r  '  , 

P 

+  ( .  (e)  )  , 

<<  .  ni-ii) 

< 

l  •  ,n 

1 

n 

(h  =  -1 , 

0,1,2)  . 

1  r.  ,<X, 

1  ,h 

o  = 

■'■(<-)  r  f  X/F.  '  , 

+  f. .  (r.) ) , 

3 

Dvr,,  : 

( X  ,  '  )  ,  ■  . 

t 

l(x'‘ 

1  ,  •  -  (X,  <  ) 

*  »  ^ 

and  i .  (x, t  )  (rosp. 

»  “  A 

-  _ (x,~ 1  , 

1 ,0 

’  '  ’  ' 

» 

:  fx.r) 

) ,  - 

and 

,  ( x . ,  n 
i  •  - 1 

are  fundamental  matrix 

solutions  of 

( o .  r.  i  -  ■ 

<  r- 

■so.  ; 

-in 

su-h  that 

'J 

r 
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(6.11-4) 


4.  „(x,e)  *  4.  (x,e)C(p  +  <$,.(e))  , 

x ,  0  x ,  1  «. 

4„  ,(x,e)  =  4.  ,  (x ,  e )  C  (-p  -  6,  (e))  . 

x,l  *  ,2  X 

4,  _(x,e)  *  4  ,(x,e)C(P  +  <5.(e))  . 

4,2  4,-1  X 

4  ,  (x,e)  *  4,  (x,e)C(-p  -  5„(el)  » 

It  ,  ~  1  A***-'  *» 


(6.11-j) 


4.  ^(x,e)  =  4.  ,(x,e)C(p  +  6 . ( e ) )  , 

1.0  1,1  1 

4.  .,(x,e)  =  4.  (x.e)C(-p  -  SAe))  . 

1.1  1,2  1 

4.  _(x,e)  =  4.  ,(x,e)C(p  +  5. (cl)  , 

1.2  1,-1  1 

4.  .  (x,£)  =  4.  n(x,e)C(-p  -  S.(e))  . 


(6.12) 


IP  -U 


(6.13) 


f  Q  (x, t )  =  4  .  (x,e )oxp/ (-1) h  J 1 

,  *•  t  n  ^  II  ^  C 


f.  ,  (x.c)  =  .  (x,,-)i?x|.(  (-1)  —  Jl 

l.h  i.ti  2e 


-1,0, 1,2) 


It  is  known  that,  if  (x,t)  ’ -  in  a  domain 

I  j  ^  *j^ 

(6.14-h)  x  f  t>2>  €  £  S.  S  .  larq(^r)  -  -  -  -  hn  <  j  tt  -  v  , 


where  v  is  a  small  positive  number,  we  have 

(6.15)  !!q.  ,  (x,r)ii  <  H'c|q,  |!q  (x,e)  1||  <  H I  E  I q  , 

1 ,h  -  1  ,h 

where  fl  is  a  positive  number  dependinq  on  v,  q  is  a  real  number,  and 
denotes  a  usual  norm  of  matrices.  Furthermore,  the  matrix 
(6.1f  )  ;  .  .  (x,f  l  -  ,  (x ,  r  ) 

is  asymptotically  zero  as  >  -  0  in  5  ^  S uniformly  in  the  domain 

(6.14-h).  (For  those  results,  ?p",  for  example,  Y.  Sibuya  16,71.) 


Let:  P  (x,e)  and  P  (x,c)  be  the  matrices  given  in  Lemma  5.1.  Then, 

**  J 

::-:lr  anc*  P.  (x ,  e)  $ .  (x,e)  are  two  fundamental  matrix  solution 

(5.'."  in  the  domain 

■  x  e  V , ,  c  e  S,  ^  S.  • 

*■  3 

i  i  .jt  •_ .  there  exists  a  two-by-two  matrix  L(c)  such  that 

:‘v'  i  v  x .  e )  ❖  (x,e)  =  P .(x,c)1>.  a(x,e)L(e)  . 

‘  5-°  3  3,0 

'  ftat  LU)  does  not  depend  on  x.  It  follows  from  (ft - 1 H )  that 

x2  x2 

!  ’’  xpi-  L.(,.)cxp{i-  J)  =  Q.  <x,e)_1P  (x,c)_1P  Ax,f)C.  (x, 

^ t  3  ,u  3  £  ,  , 0 

n-'  ,  *  :.e  matr  ,x 

x2  2 

•2d)  exp{-  J>L(e)exp{j^-  J }  -  1 

asymptotically  zero  as  e  -*■  0  in  S  d"1  S .  uniformly  in  the  domain 
- 1  -I - 0 ■>  ,  where  1.^  is  the  two-by-two  identity  matrix. 

In  the  same  way  (manipulating  with  the  connection  formulas  (6.11—  •  1  and 

I--!!,  we  can  prove  that  the  matrix 

2  2 

21  '  exp{^7  J)l  (e)exp{-  J 1  -  1 

^  €  L  2C  2 

i:v/r.;  tori  cal  ly  z-i',  as  -  0  in  S,  n  uniformly  in  the  domain 

LI-1) ,  who r- 

*  C(P  +  6  .  ( e ) )  L  (e  )  C  (p  +  6  (c) )  _1  . 

3  i 

,  t  :  matrix 

X2  2 

•Ml  oxpi—  J?L  (e)exp(-  Jt  -  1 

*  *•  2  f  2 

a.o. r.i  t->r  i-'.tl  ly  ter.,  as  •-  -*•  0  in  Sf  n  S_.  uniformly  in  the  domain 
1  *  —  '  —  l )  I  ,  where 

1  !.,(•  1  =  f(-p  -  i>>)  1l,  (elC  (-p  -  Jjrll  . 
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Set 


(6.25) 


L(e)  = 


L  (e)  = 


L2(£)  = 


cll(e) 

C12(£) 

.C21(e) 

C22(£) 

Cn'E) 

512(e) 

C2l(£) 

a22(£) 

■cn(£) 

C12 (£) 

S21(E) 

c22(t) 

Then, 

(6.26)  c12(e)  =  {X^p  +  6^  (e)  Jc^le)  +  C21  (e)  VX2  (p  +  6£  (e)  ) 

-  X7  (p  +  6a  (£) )  {X,  (p  +  6^  (£) )  cJ2  (£)  +  (e)  }/X,  (p  +  5  f  (e) ) 


'22 


and 

(6.27)  c  (e)  =  X  (-p- Ve))cll(c)  +  X2(-P-6t(e))c  (c) 

X  (-p  -  6  .  (e) ) 

r  (-p-537£)T  {V~P"  6i(e))C21(£)  +  V"P_  V°)c22( 

^  3 

Utilizing  the  fact  that,  for  any  e  e  S  °  S . ,  there  exists  an  x  f  f, 
such  that 

(i)  (x,r)  is  in  the  domain  (6.14-h), 

X 

(ii)  x/r'  takes  either  a  real  value  or  a  purely  imaginary  value, 
we  derive  from  (6.20),  (6.21)  and  (6.23)  that 


V 

) 

i 

■J 

l 


(1) 

C11 

(£)  -  1 

and  c^fe)  "  1 

are  asymptotically  zero 

as  f 

-*  0  in  S 

-  "<  s .  » 

i  1 

(2) 

^ c  12 

(c) I  <  c 

exp(-r2/| r j ) ,  | 

c  ( e ) |  <  c  exp (-r“/  ;  f  | 

for  r 

e  S ,  ^  S. 

3 

,  whore 

c  is  a  positive 

constant ; 

(3) 

|c-12lfl 

|  <  c  exp(-r2/ | e 1 ) 

for  c  f  S ,  S  : 

i  t 

(4) 

|c2,(.’ 

J 

|  <  c  exp(-r  /| t  | ) 

for  c  e  S.  '  S.  . 

y  1 
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*  9 


S  V 


i 


S o  t  u ( a )  =  \ ^ ( a ) / \ ^ ( s  > .  The n , 

|u(-p-<  (.-)  -  p(-n-f.(,->  K-^lr)  ! 

11  3  22 

=  | ..  (-p  -  !*  ( •  ' '  {oj  ^  ( 1 1  -  c79  ( e  3  r  +  {•-  (-p  -  $  c  (e) )  -  p  (-p  -  6^  ( e) )  <  f'  1 

<  c  cxp(-r2/t  '  in  5  1  S_. 

for  some  c  ■  0.  Since  „(-pl  *  0,  we  have 

{•  .2 8)  1  c  U  '  -  c  (c '  <  c  1  f  .  (f  )  -  6  .  <e)  I  +  c  exp(-r2/ 1  e  ) ) 

11  ~ ~  =1<  j  2 

in  S  S  for  some  e  '  0  and  c_  >  0.  On  the  other  hand, 

3  1  2 

' 'l(P  *  '%  U"CU  "  '■  1  (p  +  5  Me)  )c22  (e)  j 

=  |  { (p  +  i  .  (e  )  i  -  • ^  <p  *  5.  (e) )  (e)  +  (p  +  (e) )  {c^  (e)  -  c 22  (e)  >  | 

«•'  c  exp (-r“/ ;  £  1  i  in  S.  ^  S. 

=  1  *-3 

d\ 

for  some  c  >  0.  Since  '  (p)  =0  and  — —  (p)  *  0,  we  have 

1  da 

(6.20)  |6.(c)  -  MO  1  <  Cjlyp  +  «,(£))  |  |cn(c)  -  c22(c)| 

+  c4exp(-r2/|e | )  in  n 

for  some  c,  ">  0  and  c,  0.  An  estimate  (6.2)  follows  from  (6.28)  and 

3  4 


7.  Resonance:  In  this  section,  we  shall  prove  Theorem  1.2.  To  do  this, 
we  return  to  Section  5.  We  proved  there  that  the  transformation  (5.16)  takes 
the  system  (5.9)  to  (5.17)  in  the  domain  (5.15).  The  function  6(e) 
satisfies  the  condition  (5.14).  We  replace  (5.14)  by 
(7.1)  1 6  <  e )  |  <  H  exp(-r2/|e|)  in  S 

for  some  positive  number  H. 

Set 

4,  (x,e)  =  ACe)1?  (x/e^,p  +  6(e))  , 
h  h 

4  (x,e)  =  A(e)4'  (x/e^,p),  (h  =  -1,0, 1,2)  . 

h  h 

Then,  4  (x,e)  (resp.  4  (x,e))  are  fundamental  matrix  solutions  of  (5.17) 
h  h 

(resp.  (5.10))  such  that 

4  (x,e)  =  41<x,e)C(p  +  6(e))  , 

$1(x,e)  =  4>2(x,e)C(-p  -  6(e))  , 

$2(x,e)  =  4_1(x,e)C(p  +  6(e))  , 

$  ^(x.e)  =  4Q(x,e)C(-p  -  6(e))  , 

and 

4  (x , e)  =  4  (x,e)C (p)  , 

4j (x, e)  =  42 (x,e) C ( -p)  , 

$2 (x, e)  =  4  (x, e)C  (p)  , 

4_  (x,e)  =  4Q(x,e)C(-p)  . 

Set 

(7.5)  S(x,e)  =  (x , e ) 4Q (x, e )  1  . 

Then,  the  transformation 

(7.6)  V  =  S (x, e) U 

takes  (5.17)  to  (5.10).  Hence,  the  main  part  of  the  proof  is  to  show  that 
S(x,e)  -  1 2  ^  asymptotically  zero  as  r.  •*  0  in  S  uriiformly  in  •  Note 
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! 


Hi. if  r  r.  To  'Jo  t.iii.o  v/>  manipulate  in  a  way  similar  to  the  argument 
ill  t  el  ion  I  ,  otiliy.  mi'|  til'-  fact  that 

(i)  •'  (i  )  .-Xf •/'/■■  :  .ir.'l  ••.  f  u  '.xpf-x'Va ;  are  asymptotically  zero  as 

•  o  i  S  m  i  I  or nl  y  in  Pj  ; 

'  :  1  ;  C';.  ‘  '  )  )C'io  -  12  =  0(t  (a)  )  ; 

(in)  <?<-•■  -  '•(■))  C  I -p )  1  -  1  ^  =  0  ( 6  ( e ) )  . 

Tile  detail.,  are  left  to  the  reader. 


j 

i 


8.  Proof  of  Theorem  1.1:  We  shall  prove  Theorem  1.1  in  the  case  when  v  =  3. 
The  general  case  can  be  treated  in  the  same  manner.  We  shall  consider  three 
sectors  S  ,  S^.  S3  as  shown  in  Figure  1. 


Figure  1 


We  denote  by  2'  ^2  3'  ^3  1  the  intersections  S1  n  ^2’  ^2  0  S3’ 

"  S^,  respectively . 

The  three  functions  6  (s)  ,  <5 2  ( £ >  ,  :  3  ( £ '  are  holomorphic  in  S1 ,  S2>  $3, 

respectively.  Furthermore, 

(8.1)  <5 .  ( f: )  is  asymptotically  zero  as  £  ■*  0  in  , 

and 

(8.2)  '<S’j  +  l<E)  "  <5j(r>S  1  c0e*Pf"  c1/UlX)  in  Sjfj+1  , 

where  c  .  c  ,  A  are  positive  numbers,  and  S  =  S  ,  =  <5  .  We  shall 

01  3 1 4  3 1 1  4  1 

denote  6.  .(£)  -  6 .  (e)  by  o,(s). 

3+1  3  3 

We  consider  a  sufficiently  small  disk: 

(8.3)  V  =  {e;  |e|  <  pQ>  . 

We  choose  three  line-segments  £ ^ {,  starting  from  r  =  0  in  such  a 
way  that 


E  .  C  S 
3 


j<3  +  i 


(8.4) 


(Cf.  Figure  2.) 


Figure  2 


Three  line-segments  £  ^ ,  C^,  t  divide  the  disk  V  <c f.  (8.31)  into 
three  open  sectors  S^,  5^,  (cf.  Figure  2).  The  boundaries  of  ,  S2 ,  S ^ 


are  respectively 
(8.5-j) 


Z.  +  Y.  ~  i. 

3-1  3  3 


j  =  1,2,3  , 


where  =  Z^,  and  the  y's  are  circular  arcs  such  that 

(8.6)  Yi  +  Y2  +  Y3  ~  C  =  =  P0^  ’ 

The  line-segments  and  the  circular  arcs  y  are  oriented  as  indicated 

in  Figure  2.  We  assume  that  o is  so  small  that 

(8.7)  S.  C  S.  , 

3  3 

where  S  .  denotes  the  closure  of  S . . 

3  3 

Set,  for  e  «  u  u  S^, 

(8.8)  5(0  =  5.  (r)  if  e  e  S.  . 

3  3 


.  6.(0 

_L.  ;  -L—  dE  = 

2’1  £  '  P 

3"'  3  3 


5  .  (  f  3  r  e  S  .  , 
3  3 

n  r  t  S.  . 

3 


Utilizing 


5(e) 


1 

2wi 


5  .  ( e) 

FT7  dC  in  Sl  V  S2  u  S3  . 


3 

l  / 


N  ,  ,  ,  N+l 

_-(m+l)  m  e _ 

£  U r\  ’’  £  +  rN+1  /  r  , 

m=0  £  (£  -  e) 


l  N 

r^-7=  I  * 


we  derive 


«<*>  -sr  i  (  !  /  r1”*11 5,(0^  u 

m=0  l  j=l  l.  +y.-l.  1 

:  j 


~  i  I 

?TT1  +  J 


6,  (£) 


2ri  j-1  CN+1(C  -  e) 


as 


Since  6(e)  is  asymptotically  zero  as  e  -*■  0  in  ^  u  ^  U  ^3' 
term  must  be  2ero,  and  hence 


.  .  r  .  „N  +  1 

3=1  ‘j-1  V  j  *  U  -  e) 


as  i  tN+1 


Thus  we  arrive  at  the  following  formula: 

3  o.(S) 


(8.9) 


S(£)  =  Fl{  I  /  U  1 -  dS  +  /  ^ 

1  j=l  i  s  (S  -  c)  C  £  V,  -  c) 


(S)  I  x 

-  df  >  c 


for  e  e  S,  u  S_  C1  S„,  and  N  =  1,2,3,...,  where  a .  =  5  -  6  , 

123  3  o+l  3 

Construct  three  open  sectors  ,  5^,  S as  shown  in  Figure 
0  <  p  <  Pq  and  9  is  a  small  positive  number.  Then, 


6  (£) 


I  C  £"(S  -  t) 


dS 


=  N  -1  O  -  p 
°0  0  1 


and 


-23- 


m 


N+l 

£ 


the  first 


3,  where 
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